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We study nonequilibrium carriers �electrons and holes� in intrinsic graphene at low temperatures under
far-infrared �IR� and midinfrared radiation in a wide range of its intensities. The energy distributions of carriers
are calculated using a quasiclassical kinetic equation which accounts for the energy relaxation due to acoustic
phonons and the radiative generation-recombination processes associated with thermal radiation and the carrier
photoexcitation by incident radiation. It is found that the nonequilibrium distributions are determined by an
interplay between weak energy relaxation on acoustic phonons and generation-recombination processes as well
as by the effect of pumping saturation. Due to the effect of saturation, the carrier distribution functions can
exhibit plateaus around the pumping region at elevated intensities. As shown, at sufficiently strong mid-IR
pumping, the population inversion can occur below the pumping energy. The graphene dc conductivity as a
function of the pumping intensity exhibits a pronounced nonlinearity with a sublinear region at fairly low
intensities and a saturation at a strong pumping. However, an increase in the pumping intensity in very wide
range leads only to a modest increase in the carrier concentration and, particularly, the dc conductivity. The
graphene conductivity at mid-IR irradiation exhibit strong sensitivity to mechanisms of carrier momentum
relaxation.
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I. INTRODUCTION

The features of the dynamics of carriers �electrons and
holes� in graphene and the mechanisms of their relaxation1

result in the exceptional properties of graphene and a device
prospects �see Ref. 2 for review�. The studies of optical phe-
nomena, including the Raman scattering �see Refs. 3 and 4
and references therein�, ultrafast spectroscopy,5 and
magneto-optics,6 can be used to reveal both the energy spec-
trum parameters and the mechanisms of carrier scattering.
The gapless energy spectrum of graphene, with the charac-
teristic velocity vW�108 cm /s, which corresponds to the
neutrinolike band structure �Weyl-Wallace model�,7 provides
its nontrivial optical properties due to effective interband
transitions in the far-infrared �IR� and midinfrared spectral
regions. The linear response of epitaxial graphene8 and
graphite9 was measured and the pertinent calculations were
performed in Ref. 10. Recently,11 a fairly low threshold of
the nonlinear response under far- or mid-IR excitation has
been found and the photoconductivity of intrinsic graphene
was calculated for a low-pumping region. But an essentially
nonlinear regime of response was not calculated and no ex-
perimental data concerning nonlinear properties of graphene
in this spectral region are available. Thus, an investigation of
the nonlinear response of graphene is timely now.

In this paper, we consider the nonequilibrium energy dis-
tributions of the carriers under interband photoexcitation by
far- or mid-IR pumping in a wide range of the intensities.
Using the obtained distributions, we analyze the nonlinear
dependencies of the carrier concentration and the dc conduc-
tivity on the pumping intensity and frequency at different
temperatures. The dynamic conductivity of graphene photo-
excited by far- or mid-IR radiation is calculated as well.

As shown below, the energy distribution of carriers is de-
termined by an interplay between quasielastic energy relax-

ation, which is ineffective at low energies, and generation-
recombination processes. There is a marked increase in the
carrier population in the range of energies where the phonon
and radiative mechanisms of relaxation are virtually compen-
sated. The interband absorption saturation also affects the
energy distribution of carriers. The graphene dc conductivity
as a function of the pumping intensity exhibits a pronounced
nonlinearity with a sublinear region at fairly low intensities
and a saturation at a strong pumping. It is also found that in
a certain energy range of the pumping power the real part of
the interband contribution to the dynamic conductivity be-
comes negative, i.e., the negative absorption takes place.

The paper is organized in the following way. The model
under consideration is described in Sec. II. In Sec. III, we
present the nonequilibrium carrier distribution as function of
pumping intensity for a few pumping frequencies. The re-
sults of calculations of the photoconductivity and the dy-
namic conductivity, as a response on a weak dc electric field
or a probe high-frequency field, are discussed in Sec. IV. The
brief discussion of the assumptions used in calculations and
concluding remarks are given in Sec. V. In Appendix, the
collision integrals and the photogeneration term are pre-
sented.

II. MODEL

In order to obtain the energy distributions of the carriers
in intrinsic graphene we use the quasiclassical kinetic equa-
tion derived and analytically analyzed previously11 for the
case of low intensity pumping. The kinetic equation under
consideration accounts for the energy relaxation due to scat-
tering on acoustic phonons, the radiative generation-
recombination processes associated with thermal radiation,
and the far- or mid-IR pumping. We disregard the intercarrier
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scattering since at low temperatures the carrier concentration
can be small even at relatively strong interband pumping.
Since the scattering mechanisms in c and v bands are sym-
metric, the electron and hole distributions in the intrinsic
material are identical and we consider below the carrier dis-
tribution function fp. Taking into account the above-
mentioned mechanisms, the kinetic equation under consider-
ation, which governs the distribution function fp, is presented
in the following form:

JLA�fp� + JR�fp� + G�fp� = 0. �1�

Here the collision integrals JLA�fp� and JR�fp� are associated
with the relaxation of carriers caused by the acoustic
phonons and the equilibrium thermal radiation, respectively,
the term G�fp� describes the interband carrier excitation �see
Appendix�. Since the interband transition due to the acoustic
phonon scattering are forbidden �the sound velocity is weak
in comparison to vW�, the concentration balance equation
takes form

�
0

�

dpp�JR�fp� + G�fp�� = 0 �2�

and it can be considered as the normalization condition for
fp. Another condition for fp streams from the requirement
fp→�=0, so that any term in Eq. �1� is equal to zero at p
→�, i.e., the zero acoustic flow at high energies takes place,
JLA�fp� 	p→�=0.

Considering the quasielastic scattering of carriers on
acoustic phonons, one can use the Fokker-Planck form of
JLA�fp� �Ref. 12� and Eq. �1� can be presented as11

g

p

d

dp

p4�dfp

dp
+

fp�1 − fp�
pT

� +
p

pT
�N2p/pT

�1 – 2fp� − fp
2�

+ G�1 – 2fp��� p − p�

�p�
� = 0. �3�

Here pT=T /vW is the characteristic thermal momentum �T is
the temperature in the energy units�, N2p/pT

= �exp�2p / pT�
−1�−1 is the Planck distribution function, and the form factor
���� describes the broadening of interband transitions. So
that p�=�� /2vW is the momentum of just photogenerated
carriers corresponding to the pumping frequency � and the
broadening is described by �p� which is proportional to p�

if the scattering rates are proportional to the density of states.
It was assumed below that ����=�−1/2 exp�−�2� and
�p� / p��0.1.13 The dimensionless parameter g and G are
the relative strength of the energy relaxation with respect to
the generation-recombination efficiency and the characteris-
tic value of the pumping intensity, respectively �see the ex-
plicit expressions in Appendix�. It is important below, that a
following dependencies on T, �, and the pumping intensity,
S, take place:

g =
vqe

vr
	 T, G =


E


pT

�R� 	
S

�3T
, �4�

so that the acoustic contribution increases with T while the
excitation efficiency decreases with � and T. Using the typi-
cal parameters of graphene,14 at T=77 K one obtains g

�0.32. At the same temperature at S=1 W /cm2 and ��
=120 meV one can get G�2.8.

Numerical procedure for the problem described can be
simplified if one takes into account that the equilibrium dis-
tribution remains valid at p→0. The condition fp→0=1 /2 �it
is the Fermi function at zero energy� can be explicitly de-
rived considering that G�fp� vanishes at p→0 �if p���p��
and equations JLA�fp�=0 and JR�fp�=0 are satisfied by the
equilibrium distribution. Taking this into account, one can
write the boundary condition at p→�, as the requirement
that the factor �. . .� under derivative in the first term in the
left-hand side of Eq. �3� turns to zero. As a consequence, for
numerical solution of Eq. �2�, one can use the following
requirements as the boundary conditions for the distribution
function:

fp	p→0 =
1

2
, �p4�dfp

dp
+

fp�1 − fp�
pT

2 ��
p→�

= 0, �5�

while the balance condition �Eq. �2�� should be used for
checking of a numerical results obtained. The numerical so-
lution of Eq. �3� is performed below using a finite difference
method and the pertinent iteration procedure.

III. NONEQUILIBRIUM DISTRIBUTION

We present here the results of numerical solution of Eq.
�3� with boundary conditions given by Eq. �5� and discuss
the obtained distribution functions at different excitation
conditions �frequency and intensity of pumping� and tem-
perature for the typical parameters of graphene.14 The varia-
tion in the sheet carrier concentration with varying excitation
conditions is also considered.

The obtained distribution functions under the far-IR
pumping with the photon energy ��=12 meV are shown in
Fig. 1 with the one-order step in pumping intensities from
10−5 to 103 W /cm2. First of all, one can see a visible modi-
fication of the carrier distributions at low intensities �up to
S�10−3 W /cm2 at T=4.2 K and for S�10−1 W /cm2 at
T=77 K�. Next, the peak of the distribution function shifts
toward �� /2. Such a behavior is in agreement with the pre-
vious analytical consideration.11 Further, at sufficiently
strong pumping, fp�p�

tends also to the values close to 1/2,
so that plateaulike energy distributions are formed. The range
of carrier energies, where fp�1 /2, widens with increasing
pumping intensity starting S�10−2 W /cm2 at T=4.2 K and
S�0.1 W /cm2 at T=77 K. Since fp remains equilibrium at
p→0 �all terms of Eq. �1� are equal to zero separately�, one
can see a deepening of fp in the region vWp�T.

Under mid-IR excitation, ��=60 meV, a similar charac-
ter of the low-pumping regime of response takes place �see
Fig. 2�. With increased pumping intensity, a peak of distri-
bution appears, moreover, the peak distribution function can
markedly exceed 1/2; i.e., the population inversion occurs if
S10−2 W /cm2 at T=4.2 K and S10−1 W /cm2 at T
=77 K. Further, in the pumping region when S1 W /cm2

at T=4.2 K �or S10 W /cm2 at T=77 K� fp�p�
tends to

1/2, so that a plateau of fp is formed around the energy
�� /2. As S increases and the plateau region widens, the
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peak amplitude below �� /2 somewhat decreases but a
maximal value of fp exceeds 1/2. Since the equilibrium dis-
tribution is predetermined by Eqs. �3� and �5� at p→0, a
nonmonotonic distribution with a deepening at vWp�T, a
peak under the energy �� /2, and a plateau around �� /2 is
realized.

Similar character of distribution takes place as �� in-
creases: the same peculiarities are shifted to higher intensi-
ties according to Eq. �5�. In Figs. 3�a� and 3�b� we plot fp

under the CO2 laser pumping, ��=120 meV. One can see
that the population inversion regime begins for S
10−2 W /cm2 at T=4.2 K �or for S10−1 W /cm2 at T
=77 K� and the saturation region around �� /2 takes place
if S103 W /cm2 at T=4.2 K and 77 K. These peculiarities
are retained for higher intensities, up to S�105 W /cm2.

The obtained distribution functions allow calculation of
the sheet carrier concentration at different pumping condi-
tions and temperatures according to the standard formula

n2D =
2

��2�
0

�

dppfp. �6�

Figure 4 demonstrates the dependences of the sheet concen-
tration in graphene as a function of the pumping intensity
corresponding to the energy distributions shown in Figs. 1–3.
As follows from the numerical calculation of the integral
�Eq. �6�� at T=4.2 K, n2D increases with S in an intermediate
pumping region and tends to saturation under higher pump-
ing intensities. The power dependence n2D	Sr with r
�0.57 takes place at T=4.2 K between S�10−6 W /cm2

and 0.5 W /cm2 for the mid-IR pumping or between S
�10−7 W /cm2 and 10−5 W /cm2 for the far-IR pumping
�see Figs. 4�a� and 4�b�, respectively�. Under mid-IR pump-
ing at T=77 K, the concentration increases according to the
same power law and saturates at the same pumping intensi-
ties. However, the nonlinear regime begins starting S
�5 mW /cm2. This is because the equilibrium concentration
is proportional to T2. Note that in the case of pumping by
CO2 laser, the saturation occurs at n2D1011 cm−2. In this
situation, the intercarrier scattering might be important.

(b)

(a)

FIG. 1. �Color online� Distribution functions fp vs energy vWp
�a� for the pumping intensities S=10−5 ,10−4 , . . . ,103 W /cm2 �from
left to right� at T=4.2 K and �b� for S=10−2 ,10−1 ,
. . . ,103 W /cm2 at 77 K. Dotted curves correspond to the equilib-
rium distributions. Vertical arrow corresponds to the energy equal to
�� /2 at ��=12 meV.

(b)

(a)

FIG. 2. �Color online� The same as in Fig. 1 under mid-IR
pumping with ��=60 meV.

(b)

(a)

FIG. 3. �Color online� The same as in Fig. 1 under the CO2 laser
pumping, ��=120 meV, with intensities �a� S=10−4 ,10−3 ,
. . . ,105 W /cm2 �from left to right� and �b� for S
=10−2 ,10−1 , . . . ,105 W /cm2.
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IV. dc AND DYNAMIC CONDUCTIVITIES

Here we turn to the consideration of the response of the
nonequilibrium carriers with the distribution functions ob-
tained above to a weak dc electric field or a probe radiation.
Taking into account that the momentum relaxation of carriers
is caused by elastic-scattering mechanisms, one can use the
following formula for the dc conductivity � �Ref. 15�:

� = �0�2fp=0 −
lc

�
�

0

�

dpfp
���plc/��
��plc/��2� . �7�

Here lc is the correlation length of static disorder scattering,
��z�=e−z2

I1�z2� /z2, where I1�z2� is the first order Bessel
function of imaginary argument, and �0 is the conductivity in
the case of short-range disorder scattering, when lc=0.15 Ac-
cording to Eq. �5� fp=0=1 /2, for the short-range scattering
case, when p̄lc /��1 �p̄ is the average momentum�, the dc
conductivity � is determined by the low energy carriers so
that � appears to be independent of optical pumping intensity
despite a significant concentration of the photogenerated car-
riers, ���0. For the definiteness, it was assumed below that
lc=10, 20, and 30 nm.

Figure 5 shows the dependences of the dc conductivity �
normalized by its characteristic value �0 on the pumping
power S calculated using Eq. �7� with the distribution func-
tions obtained in Sec. III for T=4.2 and 77 K and different
pumping energies ��. The dependences are markedly non-
linear beginning from rather low-pumping intensities �see the
pertinent curves in Fig. 5�a��. The nonlinearity of the dc con-
ductivity at low S ��1 mW /cm2� is particularly strong in
the case T=4.2 K and far-IR pumping, ��=12 meV, but
the variation in conductivity does not exceed 5% and be-
comes saturated at S5 mW /cm2. In the range of interme-
diate intensities of mid-IR pumping, see Fig. 5�b�, there is a
power increase in the dc conductivity, which is followed by
the saturation region. It is instructing that an increase in the
pumping intensity by several orders of magnitude leads to a
modest increase in � /�0.

In Fig. 5�c�, the normalized dc conductivity as a function
of the pumping intensity calculated for different values of the

correlation length of the disorder scattering, lc. One can see
that the conductivity becomes more sensitive to the pumping
when parameter lc increases. If lc tends to zero, a quenching
of photoconductivity takes place. Since the dc conductivity �
depends on p̄lc /�, it, as a function of the pumping intensity,
saturates at higher intensities that the carrier concentration
n2D �compare Figs. 5 and 4�.

As seen from Figs. 2 and 3, the distribution function fp
can be larger than 1/2 in a certain energy range if the pump-
ing power is sufficiently high. This corresponds to the popu-
lation inversion of carriers and might be used for far-infrared
lasing. The real part of the interband contribution to the dy-
namic conductivity which is given by9

FIG. 4. �Color online� Carrier concentration n2D vs pumping
intensity S for the excitation energies ��=12, 60, and 120 meV
�solid, dashed, and dotted curves, respectively� at different
temperatures.

(b)

(a)

(c)

FIG. 5. �Color online� Normalized dc conductivity � /�o vs
pumping intensity S: �a� for low-pumping region and lc=20 nm at
different temperatures and ��=12, 60, and 120 meV �solid,
dashed, and dotted curves, respectively�, �b� for mid-IR pumping at
temperatures T=4.2 and 77 K �solid and dotted curves�, and �c� for
different lc and ��=60 meV at T=4.2 and 77 K �solid and dotted
curves�.
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Re �� =
e2vW

2

�2�
�

0

�

dpp�1 – 2fp��� p − p�

�p�
� , �8�

can be negative. Here p���� /2vW and �p�	 p� are intro-
duced in a similar way to p� and �p� in Eq. �3�.13 At �p�

→0 one obtains Re ���0, if fp�
1 /2. Figure 6�a� shows

the dependences of the real part of the interband dynamic
conductivity Re �� �normalized by factor e2 /��� on the
probe frequency � at different pumping intensities S. In con-
trast to the pumping scheme when the pumping energy ��
exceeds the energy of optical photons, so that a cascade of
optical phonons is emitted and the photogenerated electrons
�holes� are accumulated near the conduction-band bottom
�valence band top�, the negative dynamic interband conduc-
tivity in the case under consideration corresponds to the in-
terband transitions with relatively high energies �� �compare
with Ref. 16�. Figure 6 shows the regions �shaded� on the
pumping intensity-probe frequency plane corresponding to
the negative dynamic interband conductivity at different tem-
peratures. The dependence of the real part of net dynamic
conductivity on the probe frequency �, can be markedly
modified by the contribution of the intraband transitions
�which correspond to the Drude conductivity�. However, the
latter contribution can be effective only in the range of rather
small frequencies �.16

V. DISCUSSION AND CONCLUSIONS

The main restriction the model used above is the neglect
of the Coulomb interaction of carriers, so that the obtained

results are valid at their sufficiently low concentrations. As
can be found from Fig. 4, in the case of intrinsic graphene,
this assumption limits the validity of our model by the tem-
peratures T�100-200 K, whereas the limitation imposed on
the pumping intensity is fairly liberal. The latter is owing to
the effect of saturation of the interband absorption associated
with the Pauli principle. The high-temperature case, when
n2D�3�1010 cm−2 and the intercarrier scattering becomes
essential, is beyond the approach used. In our consideration
we also disregarded more complex processes, namely, the
carrier interactions with the substrate vibrations and the ef-
fect of disorder on the generation-recombination processes.
The mechanism included in the model describes the general
features of the relaxation processes considered, so that their
refinement should not lead to a qualitative change in the
pattern of the phenomena studied above. As for the photoge-
neration of carriers by incident far-infrared or midinfrared
radiation, only the single-photon interband processes were
taken into account. Hence, possible nonlinear frequency mul-
tiplication and renormalization of the energy spectra were
disregarded. Our estimates show that the latter correspond to
the limitations of the pumping intensity by the values S
�0.5 MW /cm2 �at ��=12 meV� and 5 MW /cm2 �at ��
=120 meV�. The other assumptions of our model �the iso-
tropic energy spectra of carriers, the valley degeneration, and
exclusion of the interaction with optical phonons in the range
of energy under consideration� appear to be rather natural.

In summary, we calculated the energy distributions of car-
riers in intrinsic graphene at low temperatures under far- and
mid-IR ���=12-120 meV� pumping in a wide range of its
intensities �from zero to 105 W /cm2�. It was shown that
these distributions are determined by interplay between weak
energy relaxation on acoustic phonons and radiative
generation-recombination processes as well as by the effect
of pumping saturation due to the Pauli principle. The ob-
tained energy distributions at elevated pumping intensities
can exhibit the plateau regions and the regions corresponding
to the population inversion. The graphene dc conductivity as
a function of the pumping intensity demonstrates a pro-
nounced nonlinearity at fairly weak pumping �particularly at
helium temperature�, a steep increase in a certain range of
intermediate intensities, and a saturation at sufficiently
strong pumping. Due to this, the graphene dc conductivity
varies through 1–2 orders of magnitude when the pumping
intensity is varied many orders. We showed that the alter-
ation of the graphene dc conductivity with far- and mid-IR
irradiation; i.e., the effect of the photoconductivity is sensi-
tive to the correlation length of disorder scattering.

To conclude, the obtained results can be useful for the
extraction of the parameters determined by the relaxation
mechanisms in graphene and for the estimation of a potential
of optoelectronic devices,16–18 in particular, in terahertz and
far-infrared lasers.16,17
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FIG. 6. �Color online� �a� Spectral dependences of the real part
of the dynamic interband conductivity Re �� at T=4.2 K for ��
=60 meV and pumping intensities: S=10−3, 10−1, 101, and
103 W /cm2 �solid, dashed, dotted and dash-dotted curves, respec-
tively�. �b� Regions of parameters �shaded by vertical and horizon-
tal lines for T=4.2 and 77 K, respectively� for which the dynamic
interband conductivity is negative if ��=60 meV.
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APPENDIX

Below we present the collision integrals and the photoge-
neration rate of Eq. �1� which were evaluated in Ref. 11.
Within the quasielastic approximation,12 the energy relax-
ation is described by the Fokker-Planck collision integral

JLA�fp� =

p

�qe�

p2

d

dp

p4�dfp

dp
+

fp�1 − fp�
pT

� , �A1�

where we have introduced the rate of energy relaxation 
p
�qe�

according to


p
�qe� = � s

vW
�2vacp

�
, vac =

D2T

4�2�svWs2 . �A2�

The characteristic velocity vac is written through the defor-
mation potential, D, the sheet density, �s, and the sound ve-
locity, s.

The generation-recombination processes are associated
here with the interband transitions caused by the photon ther-
mostat at temperature T. The correspondent collision integral
JR�fp� �see Sec. IIB of Ref. 11� can be transformed into

JR�f 	p� = 
p
�R��N2p/pT

�1 – 2fp� − fp
2� , �A3�

where the rate of spontaneous radiative transitions, 
p
�R�, is

presented as follows:


p
�R� =

e2��

�c
�vW

c
�28vWp

3�
�

vrp

�
. �A4�

Here, we have introduced the characteristic radiative velocity
vr �compare to Eq. �A2�� and � is the dielectric permittivity.
The interband carrier excitation is described by the photoge-
neration term

G�fp� = 
E�1 – 2fp�����2vWp − ��� , �A5�

where the photoexcitation frequency, 
E, is given by


E =
�

��
� evWE

�
�2

· �A6�

Here � is the broadening of interband transitions so that the
form factor ����������� appears in Eq. �3�.
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